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He is a group theoretical property, then a group is termed locally e, 
if all its finitely generated subgroups are e-groups. It is easy to see that 
locally e-subgroups are always contained in maximal locally e-subgroups; 
and this rather fundamental property is in general not shared by e itself. 
Thus there arise the following two general problems. 
I. To give criteria for a locally e-group to be an e-group. 
II. To investigate the class of groups whose locally e-subgroups are 
e-groups. 
These two general problems we are going to discuss in two special and 
closely related instances: the hypercentral and the supersoluble groups. 
H t th G { hypercentral} if . hi . ere we erm e group 1 bl , every epimorp c Image, superso u e 
{center element } . not I, of G possesses a · li 1 b , not I. It IS clear that eye c norma su group 
every hypercentral group is supersoluble and it is known that the 
commutator subgroup of a supersoluble group is hypercentral. 
Assume now that every primary abelian subgroup and every torsionfree 
abelian subgroup of the group G has finite rank [in the sense of Priifer ]. 
Th G . { hypercentral} 'f d 1 'f G . 1 II en Is 1 bl I , an on y I , IS oca y superso u e 
fhypercentral [B. Theorem]} . . . 
l I bl [F Th ] . This result answers m a way our question I; superso u e . eorem 
and we use it to obtain criteria for a group to be noetherian and 
1 hypercentral} 
I supersoluble · 
In sections D, E we consider problem II for hypercentrality and a 
discussion of problem II for supersolubility will be found intermittingly 
throughout the second half of our paper. 
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In sections G, H, I we discuss the following condition which plays the 
same role for supersolubility which is played for hypercentrality by the 
soc. normalizer condition: 
If X is a subgroup of G, equal to its normalizer and different from G, 
then there exists an element t in G with 
X c {X, t} and {tX} c x{X,t}{t}. 
Here X{x,t} is the product of all normal subgroups of {X, t} which are 
part of X. 
NOTATIONS 
x o y=x-ly-lxy 
A o B =subgroup, generated by the elements a o b with a in A and b in B. 
G'=Go G 
G(i+l) = [G<il]' 
cS =centralizer of the subset S of the group G 
nU =normalizer of the subgroup U of the group G 
1P =center of the group G 
(JiG is defined inductively by (JoG= 1, 1Ji+lG/1JiG=1J[G/1JiG] 
Sa=core of the subgroupS ofG=product of all the normal subgroups 
of G, contained in S =intersection of all the subgroups, conjugate to 
Sin G. 
Factor of the group G = epimorphic image of a subgroup of G 
A C B:= :A is a subgroup of Band Ai=B 
o ( ... )=order of ... 
{ ... }=subgroup generated by ... 
Locally e =every finitely generated subgroup meets requirement e 
p-element =element of order a power of the prime p 
p-group =group all of whose elements are p-elements 
primary group= p-group for suitable p 
A. In this section we, are going to collect a number of frequently 
used basic concepts and known results. 
Groups of finite rank: Following Priifer we say that the group G is of 
finite rank if there exists a positive integer n such that every finitely 
generated subgroup of G may be generated by n [or less] elements. 
The Components of an Abelian group: If A is an abelian group, then 
the totality tpA of elements of order a power of the prime p is a charac-
teristic subgroup of A, its p-component. The direct product tA of all the 
tpA is the torsion subgroup of A; and t0A =A(tA is a torsionfree group, 
the 0-component of A. 
It is well known and easily verified that the following properties of 
the abelian group A are equivalent [see FucHs]: 
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(i) Every component of A is of finite rank. 
(ii) Every primary and every torsionfree subgroup of A is of finite rank. 
(iii) Every elementary primary factor of A is finite. 
Groups of finite Abelian subgroup rank are groups whose abelian sub-
groups meet the above equivalent properties (i)-(iii). 
Groups of finite Abelian rank are groups all of whose epimorphic images 
are of finite abelian subgroup rank. · 
It is clear that each of the following conditions is sufficient for the 
group G to be of finite abelian rank: 
G is noetherian; G is artinian; G is of finite rank. 
Hypercentrality of the group G may be characterized by each of the 
following three equivalent properties of G: 
(i) ~H of= 1 for every epimorphic image H of= 1 of G. 
(ii) If N of= 1 is a normal subgroup of the epimorphic image H of G, 
then N n ~Ho/=1. 
(iii) ~(G/0) of= 1 for every characteristic subgroup 0 o~=G of G. 
See BAER [10; p. 17, Lemma 3.2] 
It is well known that finitely generated hypercentral groups are 
noetherian- see BAER [2; p. 322, Satz 1]-and consequently nilpotent 
of finite class. Thus local hypercentrality and local nilpotency are equiva-
lent properties. 
If the group G is noetherian and hypercentral, then the set tG of 
elements of positive order in G is a finite and nilpotent characteristic 
subgroup of G with torsionfree GftG; see BAER [1; p. 207, Corollary]. 
It follows that every locally hypercentral group L has the following 
properties : 
The totality Lp of elements of order a power of the prime p is a 
characteristic subgroup of L and the direct product of these primary 
components Lp of L is the torsion subgroup tL of L with torsionfree LftL. 
~G = hypercenter of G =intersection of all normal subgroups X of G 
with ~(GjX) =I. 
It has the following fundamental properties: 
(a.) 1=~[Gf~G]=~[Gf~G] 
(b) The subgroup S of G is hypercentral if, and only if, S ~Gf~G is hyper-
central. 
See BAER [1; p. 176/177]. 
The normalizer condition is satisfied by the group G, if S C nS for every 
subgroup S o~=G of G. 
A subgroup S of G is termed accessible, if there exist subgroups 
.5~[0.;;;;a.;;;;,8] of G such that 
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S=So and Sp=G, 
Sa is a normal subgroup of Sa+l for O.;;;.a<{J, 
s~. = U Sa for limit ordinals A.< {3. 
a<A 
It is almost obvious that the normalizer condition is satisfied by G 
if, and only if, every subgroup of G is accessible; and this implies that 
the normalizer condition is inherited by subgroups and epimorphic images. 
(I) The normalizer condition is satisfied by every hypercentral group. 
See KuROSH [II, p. 219]. 
An element a of G is termed an accessible element of G, if {a} is an 
accessible subgroup of G. 
(II) If the normalizer condition is satisfied by G, then every element 
of G is accessible. 
Obvious. 
(III) If G is generated by its accessible elements, then every finitely 
generated subgroup of G is accessible and G is locally hypercentral. 
See BAER [11; p. 57, Satz 3.3, p. 58, Zusatz 3.4, p. 59, Zusatz 3.6]. 
Supersolubility of the group G may be characterized by each of the 
following three equivalent properties of G: 
(i) Every epimorphic image, not 1, of G possesses a cyclic normal 
subgroup, not l. 
(ii) If N =1= 1 is a normal subgroup of the epimorphic image H of G, 
then there exists a cyclic normal subgroup Z of H with 1 C Z ~ N. 
(iii) If 0 is a characteristic subgroup of G and G/0=1= 1, then there exists 
a cyclic normal subgroup, not 1, of GfO. 
See BAER [3; p. 17, Lemma 2]. 
Subgroups and epimorphic images of supersoluble groups are super-
soluble; see BAER [3; p. 16, Lemma 1]. 
Finitely generated supersoluble groups are noetherian; see BAER [3; 
p. 26, Theorem 1 ]. 
In analogy to the hypercenter of a group we define the subgroup fG 
of G as the intersection of all the normal subgroups X of G with the 
property: 
(i) 1 is the only cyclic normal subgroup of GfX. 
This is a well determined characteristic subgroup of G, since X =G 
meets requirement (i). It is the smallest normal subgroup of G, meeting 
requirement (j). To prove this consider a normal subgroup K of G with 
fG ~ K and cyclic KffG. If the normal subgroup X of G meets requirement 
(f), then fG ~ K ()X and KXfX"' Kf(K ()X) is cyclic as an epimorphic 
image of KfjG. Hence KXfX = 1 so that K ~X for every X, satisfying (f). 
This implies K ~ fG ~ K so that K =fG and jG meets requirement (i). 
B. Lemma: If the hypercentral group G is of finite abelian subgroup 
rank, then 
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(a.) every primary subgroup of G is artinian, 
(b) every torsionfree epimorphic image of G is of finite rank and nilpotent 
of finite class and 
(c) every factor of G is of finite abelian rank. 
Proof: Finitely many elements of finite order in the hypercentral 
group G generate a finite nilpotent subgroup of G; see, for instance, 
BAER [1; p. 207, Corollary]. The set tG of all the elements of finite order 
in G is consequently a characteristic subgroup of G; and it is the direct 
product of its primary components tpG. Naturally GftG is torsionfree. 
If Pis a p-subgroup of G, then P is hypercentral. If furthermore A 
is an abelian subgroup of P, then the set A of all the elements a in A 
with aP= 1 is an elementary abelian p-subgroup of A and G. Consequently 
A is of finite rank, implying the finiteness of A. Hence A is artinian; 
see FucHS [p. 68, 19]. Thus condition (3) ofBAER [5; p. 530, Proposition] 
is satisfied by P, proving that P is artinian. This proves (a). 
Application of MAL'cEV [p. 577, Theorem 5] shows that 
(*) G*=GftG is nilpotent of finite class and that 
(**) there exists a finite chain of normal subgroups N1 of G* with 
and every abelian subgroup of Nt+1/N1 is of finite rank. 
[An even sharper form of the last property is assured by Mal'cev's 
Theorem]. 
We consider the ascending central chain 3tG* of G* [which is defined 
by the rules: 3oG*=1, 3HlG*/3tG*=3(G*/3tG*)]. It is a consequence of(*) 
that 
G* = 3cG* for some c. 
Since G* is torsionfree and nilpotent of finite class, every G*/3tG* is 
t()rsionfree, see BAER" [1; p. 200, Corollary 1 ]. Every factor of G* meets 
requirement (**). Thus 3(G*/3tG*) is a torsionfree abelian group, meeting 
requirement (**); and as such it is of finite rank. Hence every 
3HlG*/3tG* is of finite rank. 
But an extension of a group of finite rank by a group of finite rank 
is easily seen to be a group of finite rank; and now it follows by complete 
induction that G* itself is of finite rank, and this implies (b). 
If the elementary abelian p-group A is a factor of G, then there exists 
an epimorphism a of a subgroup S of G upon A. Since the hypotheses 
imposed upon G are likewise satisfied by the subgroupS of G, the con-
elusions (a), (b) already verified, are also true of S. Since A is a p-group, 
eo is every subgroup of A and we have 
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But tpS is artinian by (a). Hence B is an artinian elementary abelian 
group [as a subgroup of .A] and as such B is finite. Next .AfB=SajtSa 
is an epimorphic image of Sjts. Since the latter group is of finite rank 
by (b), so is the former; and .Af B is finite as an elementary abelian p-group 
of finite rank. Hence .A itself is finite; and we have verified the following 
intermediate result: 
(c*) Every elementary abelian p-factor of G is finite. 
Consider now an abelian p-factor P of G. It is an almost immediate 
consequence of (c*) that P possesses but a finite number of elements of 
order p; and this shows that P is artinian and of finite rank; see FucHs 
[p. 65, Theorem 19.2 and p. 68, 19]. 
Consider next a torsionfree abelian factor F of G. Then F contains a 
free abelian subgroup E with FJE a torsiongroup. If p is any prime, 
then EjEP is an elementary abelian p-factor of G. As we have shown 
just now this implies the finiteness of EjEP. But then E is free abelian 
of finite rank, proving the finiteness of the rank of F and the validity 
of (c). 
Remark: It is easy to construct abelian torsiongroups whose primary 
components are of finite rank, though the group itself is not of finite 
rank. Thus it is quite impossible to show that hypercentral groups of 
finite abelian subgroup rank are of finite rank. If .A is a group of Priifer's 
type 200 and if G arises from .A by adjoining to .A an element b subject 
to the relations 
(ab)2= 1 for every a in .A, 
then G is hypercentral and of rank 2, but not of finite class. Thus it is 
quite impossible to show that the groups, considered in our Lemma, are 
in general of finite class. 
Theorem: The following properties of the group G of finite abelian 
subgroup rank are equivalent: 
(i) G is hypercentral. 
(ii) The normalizer property is satisfied by G. 
(iii) G is generated by its accessible elements. 
(iv) G is locally hypercentral. 
(v) Finitely generated subgroups of G are noetherian and nilpotent of 
finite class. 
Remark: This theorem generalizes in a way some results ofMAL'CEV 
[p. 577, Theorem 5 and p. 579, Corollary]. It should be noted, however, 
that Mal'cev's Theorem 5 is used in the proof of our theorem. See also 
the Corollary below. 
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Proof: We have pointed out in section A that (i) implies (ii), that 
(ii) implies (iii), that (iii) implies (iv) and that (iv) and (v) are equivalent. 
Assume now the validity of (v). We recall that the hypercenter ~G 
is a hypercentral characteristic subgroup of G with 1J(GJ~G) =I and the 
following further property: 
The subgroupS of G with ~G C Sis hypercentral if, and only if, SJ~G 
is hypercentral. 
See BAER [l; p. I77]. 
Consider now a subgroup S of G with S' C ~G C S. Then S is hyper-
central and of finite abelian subgroup rank. It is a consequence of our 
Lemma, (c) that S is of finite abelian rank. Hence every component of 
the abelian group SJ~G is of finite rank; and thus we have shown: 
( +) H =GJ~G is of finite abelian subgroup rank. 
Assume by way of contradiction that H =F I. If H were torsionfree, 
then H would be a locally nilpotent group all of whose abelian subgroups 
are torsionfree of finite rank. Application of a Theorem of MAL' CEV 
[p. 577, Theorem 5] shows that His nilpotent of finite class. This implies 
1JH =F I, since H =F I, a contradiction. Hence H is not torsionfree. Conse-
quently there exists a prime p such that H contains elements of order p. 
The group H contains elementary abelian p-groups and application of 
the Maximum Principle of Set Theory shows the existence of a maximal 
elementary abelian p-subgroup JJ1 of H. Since H contains elements of 
order p, we conclude that M =F I; and we deduce from ( +) that M is 
of finite rank and hence finite. 
If F is a finitely generated subgroup of H, then {M, F} is a finitely 
generated subgroup of H. As such {M, F} is an epimorphic image of a 
finitely generated subgroup of G; and we deduce from (v) that {M, F} 
is noetherian of finite class. The totality tv{M, F} of all p-elements in 
{M, F} is, as we pointed out in A, a finite characteristic p-subgroup of 
{M, F}. Naturally I C M C tv {M, F} and this implies 
tv{M, F} r11J{M, F}=F I 
by a result recorded in A. Consequently there exists an element x of 
order p in 5{M, F}. Clearly {M, x} is an elementary abelian p-subgroup 
of H; and we deduce M={M, x} from the maximality of M. Thus x 
belongs to M n eF, and we have shown that 
( + +) M n eF=F I for every finitely generated subgroup F of H. 
Since M is finite, there exists among the finitely generated subgroups 
of Hone, say N, with M n eN of minimal order. If xis any element in 
H, then {N, x} is a finitely generated subgroup of H. Naturally e{N, x} C eN 
so that M n e{N, x} C M n eN. Because of the minimality of M n eN 
we find 
M n eN =M n e{N, x} C ex for every x in H. 
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It follows that 
M n cNC15H 
and this implies 1JH =1= 1 by ( + + ). This contradiction shows that H = l. 
Hence G=f)G is hypercentral; and we have completed the proof of the 
equivalence of conditions (i)-(v). 
Corollary: The group G is noetherian and hypercentral if, and only 
if, G is locally hypercentral and every abelian subgroup of G is finitely 
generated. 
This result is due to MAL'CEV [p. 579, Corollary]. 
Proof: If G is locally hypercentral and the abelian subgroups of G 
are finitely generated, then G is by B, Theorem hypercentral. Thus G is 
soluble in the weak sense that every epimorphic image, not 1, of G 
possesses an abelian normal subgroup, not 1. Hence we may apply a 
generalization of a theorem of Mal' cev- see BAER [ 4; p. 173, Hauptsatz 
4] -to show that G is noetherian. 







G is hypercentral. 
( (a) G is locally hypercentral. 
~(b) Every epimorphic image, not 1, of G possesses a finitely 









G is locally hypercentral. 
Every epimorphic image, not 1, of G possesses a normal sub-
group, not 1, of finite abelian subgroup rank. 
G is locally hypercentral. 
Every epimorphic image, not 1, of G possesses an abelian 
normal subgroup, not 1, whose components are of finite rank. 
Every finite factor of G is nilpotent. 
Every epimorphic image H =1= 1 of G possesses an abelian normal 
subgroup A =1= 1 such that HfcA is finitely generated. 
Every finite factor of G is nilpotent. 
Every epimorphic image, not 1, of G, possesses a finitely 
generated, abelian, normal subgroup, not l. 
Proof: If G is hypercentral, then every subgroup of G is hypercentral 
so that G is locally hypercentral. If furthermore H =1= 1 is an epimorphic 
image of G, then 1JH =1= 1 and the cyclic subgroups, not 1, of 1JH are normal 
subgroups of H. Thus (ii) is a consequence of (i). 
If (ii) is satisfied by G and if H =1= 1 is an epimorphic image of G, then 
there exists a finitely generated normal subgroup N =1= 1 of H. It is a 
consequence of (ii. a) that N is hypercentral and noetherian- see A. 
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Hence 3N #- 1 is a finitely generated abelian normal subgroup of H [as 
a characteristic subgroup of a normal subgroup]. Thus (iii) is a conse-
quence of (ii). 
Assume next the validity of (iii). If H ¥-1 is an epimorphic image of 
G, then there exists a normal subgroup N ¥-1 of H such that N is of finite 
abelian subgroup rank. Since H is locally hypercentral, so is N. Appli-
cation of B, Theorem shows that N is hypercentral. Hence 3N #- 1 is an 
abelian characteristic subgroup of N. It follows that 3N is an abelian 
normal subgroup, not 1, of H whose components are of finite rank. Thus 
(iv) is a consequence of (iii). 
Assume now the validity of (iv) and consider an epimorphic image 
H #I of G. From (iv. a) we deduce the local hypercentrality of H; and 
from (iv. b) we deduce the existence of an abelian normal subgroup N ¥-1 
of H whose components are of finite rank. 
Case I : N is not torsionfree. 
Then there exists a prime p such that N contains elements of order p. 
The set P of all elements x in N with xP =I is a characteristic subgroup 
of Nand hence a normal subgroup of H. Furthermore Pis an elementary 
abelian p-group, not I. Since the components of N are of finite rank, 
P is of finite rank and hence finite. The centralizer cP of P is a normal 
subgroup of H; and HfcP is essentially the same as the group of auto-
morphisms, induced in P by H. Since Pis finite, so is HfcP. Consequently 
there exists a finitely generated subgroup F of H with P ~ F and H = FcP. 
Since H is locally hypercentral, F is hypercentral and P #- I is a normal 
subgroup of F. Consequently I#- P () 3F- see A. Since P () 3F is central-
ized both by cP and F, it is centralized by FcP = H so that 1 C P () 3F ~ 3H. 
Case 2: N is torsionfree. 
Then N is a torsionfree abelian group of finite rank and N #- 1. If X 
is a finitely generated subgroup of H, then X is hypercentral and- by A-
noetherian. The subgroup NX of H is locally hypercentral-with H-
and it is an extension of its abelian normal subgroup N by the finitely 
generated hypercentral group NXfN"" Xf(N () X). But we showed 
elsewhere-see BAER [2; p. 3IO, Satz I]-that such a group is hyper-
central. Since N #I is a normal subgroup of NX, it follows that 
1 =t=N () 3(NX). Consider now an element 8 in N such that 8t belongs to 
:Y () 3(NX) for some integer i¥-0. If xis an element in NX, then 8 and 
~ belong to the abelian normal subgroup N. Hence 
[8x8-1 ]t = (8x)is-t = (8t)xs-t =I; 
and this implies 8xs-1= I, since N is torsionfree. Thus 8 itself belongs to 
S () 3(NX) and we have shown: 
1 -) If X is a finitely generated subgroup of H, then N () 3(N X)#- 1 and 
Nf[N () 3(NX)] is torsionfree. 
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Since N is of finite rank, so is N f"'\ 3(N X) for every finitely generated 
subgroup X of H. The rank t[N f"'\ 3(NX)] is the maximal number of 
independent elements in the torsionfree abelian group N f"'\ 3(NX). This 
number is a finite positive integer by ( +); and among all these finite 
positive integers there exists a minimal one, say m. There exists a finitely 
generated subgroup F of H with m=t[N f"'\ 3(NF)]. 
Consider now an element h in H. Then {F, h} is a finitely generated 
subgroup of H and 
m<t[N t1 3{N, F, h}] 
by the choice of m. If 8 is an element in N f"'\ 3{N, F, h }, then 8 is likewise 
centralized by NF and belongs consequently to N f"'\ 3(NF). Thus we 
have shown that 
N t1 3{N, F, h} ~ N t1 3(NF). 
We conclude 
t[N t1 3{N, F, h}]=t[N t1 3(NF)]=m. 
Since [N f"'\ 3(N F)]f[N f"'\ 3{N, F, h}] is torsionsfree by ( + ), and since 
m is finite, it follows that 
N t1 3{N, F, h}=N t1 3(NF). 
Thus N f"'\ 3(N F) is centralized by every element h in H; and we deduce 
from ( +) that 
I C N t1 3(NF) ~ 3H. 
Now we have shown 3H #I in either case so that G is hypercentral, 
proving the equivalence of conditions (i)-(iv). 
It is quite obvious that hypercentral groups meet requirement (vi). 
If (vi) is satisfied by G, then (v. a) is clearly satisfied by G. Furthermore 
G and all its epimorphic images have the following weak solubility 
property: 
( + ) Every epimorphic image, not I, possesses an abelian normal sub-
group, not I. 
If H # I is an epimorphic image of G, then there exists a finitely generated 
abelian normal subgroup A # I of H. The group of automorphisms, induced in 
A by H, is essentially the same as HfcA. If a group of automorphisms 
of a finitely generated abelian group meets the solubility requirement ( + ), 
then this group of automorphisms is known to be noetherian; see BAER 
[4; p. I7I, Satz 2]. Consequently HfcA is noetherian, showing that (v. b) 
is a consequence of (vi. b). Hence (v) is a consequence of (vi). 
Before deriving hypercentrality from (v) we treat a special case. 
Suppose that the following conditions are satisfied by the group F: 
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(a) Every finite factor of F is nilpotent. 
(b) Every epimorphic image H # 1 of F possesses an abelian normal 
subgroup A# l. 
(c) F is finitely generated. 
Assume by way of contradiction that 
(d) F is not hypercentral. 
Application of BAER [12; p. 410, Lemma 4] shows the existence of an 
epimorphic image H of F, meeting the following requirements: 
(e) H is not hypercentral, but every proper epimorphic image of H is 
hypercentral. 
By (b) there exists an abelian normal subgroup A# 1 of H [since H # 1 
by (e)]. We deduce from (c) that Hand H/A are finitely generated; and 
it is a consequence of (e) that HfA is hypercentral and hence noetherian 
-see A. -Since A is abelian and H fA hypercentral and noetherian, we 
may, because of (a), apply BAER [2; p. 310, Satz 1]. It follows that H 
is hypercentral, contradicting (e). Thus our assumption (d) has led to a 
contradiction and we have shown the following intermediate result: 
(>*) If the group F is finitely generated, if every finite factor of F is 
nilpotent, and if every epimorphic image, not 1, of F possesses an 
abelian normal subgroup, not 1, then F is hypercentral [and 
noetherian]. 
Suppose now that condition (v) is satisfled by the group G and consider 
an epimorphic image H # 1 of G. By (v. b) there exists an abelian normal 
subgroup A# 1 of H with finitely generated HjcA. Consequently there 
exists a finitely generated subgroup F of H with H = FcA; and we may 
assume without loss in generality that F () A# l. It is a consequence of 
1>. a) that every finite factor of F [as a factor of G] is nilpotent. We 
deduce from (v. b) that every epimorphic image, not 1, of G possesses 
an abelian normal subgroup, not l. This property is inherited by sub-
groups. Hence (v*) may be applied upon F. Thus F is hypercentral. 
Since F ()A is a normal subgroup, not 1, of F, we find that 
1#(F n A) n 0F=A n 0F; 
see A. Clearly A () 0F is centralized by F and cA and hence by FcA = H 
so that 
1 C A n 0F k. 0H, 
proving the hypercentrality of G and the equivalence of conditions 
(i}-(vi). 
X otes on the relative strength of conditions (i)-(vi): 
1. Because of the results, quoted in section A, it is possible to substi-
tute everywhere for the requirement of local hypercentrality such stronger 
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conditions as the normalizer condition or the condition that G be generated 
by its accessible elements. 
2. If a group is locally hypercentral, then it is almost obvious that 
all its finite factors are nilpotent. The converse is false, since Golod-
Safarevic have constructed an infinite, finitely generated p-group. Its 
finite factors are finite p-groups and hence nilpotent. It is not hyper-
central, since finitely generated hypercentral torsion groups are finite, 
see BAER [1; p. 201, Corollary]. 
3. It has been shown in the course of the proof of our theorem that 
(v. b) is a consequence of (vi. b), though the theorems applied in this proof 
are not at all trivial. The converse is false, as may be seen from the 
following often used example: 
Denote by A a free abelian group of countably infinite rank. Then 
there exists a basis b(i) with i=O, ± 1, ± 2, ... of A. Consequently there 
exists a group G which arises from A by adjoining an element b subject 
to the relations: 
b-lb( i)b = b( i + 1) for every i. 
Clearly G is soluble in the very strict sense that G" = 1. Furthermore 
G is generated by the elements b and b(O). Hence condition (v. b) is 
satisfied by G. But 1 is the only finitely generated abelian normal sub-
group of G. Hence (vi. b) is not satisfied by 0. 
4. It is clear that condition (iv. b) is considerably weaker than 
condition (vi. b). 
Corollary: The finitely generated group G ~s hypercentral if, and 
only if, 
(a) every finite factor of G is nilpotent and 
(b) every epimorphic image, not 1, of G possesses an abelian normal sub-
group, not 1. 
This is easily deduced from our preceding theorem, since the present. 
conditions imply condition (v) of that theorem. 
D. In this section we are going to derive criteria for a product of 
hypercentral normal subgroups to be hypercentral. This is, in general, 
not the case, as may be seen from the following well known and often 
discussed 
Example D.1: There exists a group G with normal subgroup N, 
meeting the following requirements. 
N and GjN are countably infinite elementary abelian p-groups and 
~G= 1. 
See e.g. BAER [11; p. 69, 6.1]. 
If g is any element in G, then N{g} is a normal p-subgroup of G whose 
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class is finite [not exceeding p+ 1]. Thus G is the product of hypercentral 
normal subgroups- they are of finite class- though G is certainly not 
hypercentral. 
Proposition D.2: Products of finitely many hypercentral normal 
subgroups are hypercentral. 
Proof: It suffices to show that every product of two hypercentral 
normal subgroups is hypercentral. If G is the product of two hypercentral 
normal subgroups, so is every epimorphic image H oft 1 of G. Hence H =AB 
where A and Bare hypercentral normal subgroups of H. If A= 1, then 
H = B is hypercentral implying lJH oft 1; and likewise lJH oft I, if B = l. Thus 
we assume A oft I and B oft I. Because of the hypercentrality of A we have 
3A oft I; and the characteristic subgroup lJA of A is a normal subgroup 
of H. If firstly 15A n B = I, then lJA is centralized by A and B and hence 
by H so that 1 C lJA ~ lJH. If secondly I oft B n 1JA, then B n lJA is a. 
normal subgroup, not 1, of the hypercentral group B so that 
Thus we have shown lJH oft 1 in all cases, proving the hypercentrality of G. 
We recall that the Hirsch-Plotkin radical S)~G of a group G is the 
product of all the locally hypercentral normal subgroups of G and that 
~~G is always a locally hypercentral characteristic subgroup of G. 
Propo.sition D. 3: If G is of finite abelian subgroup rank, then ~~G 
i8 hypercentral and 
~~G =set of all accessible elements of G 
=compositum of all accessible hypercentral subgroups of G. 
Proof: ~~G is [with G] of finite abelian subgroup rank. Apply the 
local hypercentrality of S)~G and B, Theorem to show the hypercentrality 
of ~~G. 
The normalizer condition is satisfied by every hypercentral group. 
Hence every element in S)~G is an accessible element of S)~G and conse-
quently of G. On the other hand it is known that the set A of all accessible 
elements of G is a locally hypercentral characteristic subgroup of G; 
see BAER [11; p. 57, Satz 3.3 and p. 59, Zusatz 3.6]. Thus A is part of 
the Hirsch-Plotkin radical of G, proving A= S)~G. 
If X is an accessible hypercentral subgroup of G, then every element 
in X is an accessible element of X- see A- and consequently of G. Hence 
X ~ A= ~~G so that the Hirsch-Plotkin radical is as a hypercentral 
characteristic subgroup of G the compositum of all the hypercentral 
accessible subgroups of G. 
E. Denote by [ a non-vacuous class of groups which contains with 
any group all its subgroups and isomorphic images. Denote by f a function 
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assigning to every group Gin [a subgroup fG of G, subject to the following 
rules: 
(I) f(Ga) = (fGt for every group Gin [ and every isomorphism a of G. 
(II) fX C: fY for XC: Y in [. 
(III) To every element x in fG there exists a finitely generated subgroup 
X of G with x in fX. 
An obvious example of such a function is the one defined by fG=G'. 
We note that fG is because of (I) a characteristic subgroup of G and 
that because of (II) our condition (III) is equivalent with the following 
requirement: 
(III*) The finitely generated subgroup F of G is part of fG if, and only 
if, there exists a finitely generated subgroup E of G with F C: fE. 
The following result will prove the key to our discussion of super-
solubility. 
Proposition: Assume that the function f on [ meets requirements 
(I)-(III) and that G is a group in [. 
(a) fG is locally hypercentral if, and only if, fX is locally hypercentral for 
every finitely generated subgroup X of G. 
(b) If G is of finite abelian subgroup rank, then the following properties 
of G are equivalent. 
(i). fG is hypercentral and of finite abelian rank. 
(ii) fX is locally hypercentral for every finitely generated subgroup X of G. 
Proof: If fG is locally hypercentral and X is a subgroup of G, then 
fX C: fG by (II) so that fX too is locally hypercentral. If conversely fX 
is locally hypercentral for every finitely generated subgroup X of G, and 
if F is a finitely generated subgroup of fG, then we deduce from (III*) 
the existence of a finitely generated subgroup E of G with F C: fE. Since 
fE is by hypothesis locally hypercentral, its finitely generated subgroup 
F is hypercentral. This proves (a). 
Assume in addition that G is of finite abelian subgroup rank. Then it 
is clear that (i) implies (ii). If (ii) is true, then we deduce from (a) that 
fG is locally hypercentral. Since fG is with G of finite abelian subgroup 
rank, we deduce from B, Theorem the hypercentrality of fG; and it follows 
from B, Lemma that fG is of finite abelian rank. 
F. Theorem: The group G of finite abelian subgroup rank is super-
soluble if, and only if, G is locally supersoluble. 
Proof: Since subgroups of supersoluble groups are supersoluble- see 
BAER [3; p. 16, Lemma 1]-supersoluble groups are locally supersoluble. 
Assume conversely the local supersolubility of G. Let [ be the class 
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of all groups and fG=G'. Note that X' is hypercentral for every super-
soluble group X by BAER [3; p. 2I, Proposition 2]. Since G is of finite 
abelian subgroup rank, application of E, Proposition shows that 
(1) G' is hypercentral and of finite abelian rank. 
Next we prove two special instances of what we intend to prove. In 
both cases our hypotheses are slightly weaker than those at our disposal. 
(2) If Y =F 1 is a finite normal subgroup of the locally supersoluble group 
X, then Y contains a cyclic normal subgroup, not 1, of X. 
Proof: The centralizer eY is a normal subgroup of X and X feY is 
essentially the same as the group of automorphisms, induced by X in Y. 
Since Y is finite, so is XjeY. Consequently there exists a finitely generated 
subgroup F of X. with Y C F and X= FeY. By hypothesis F is super-
soluble. The normal subgroup Y =F 1 of F contains therefore a cyclic 
normal subgroup Z=F-1 ofF; see BAER [3; p. 17, Lemma 2]. Since Z 
is normalized by F and centralized by eY [because of Z C Y], Z is normal-
ized by FeY =X. Thus Z is a cyclic normal subgroup of X with I C Z C Y. 
(3) If the group X is locally supersoluble, and if 3X' is torsionfree of 
finite rank and different from 1, then there exists a cyclic normal 
subgroup Z of X with 1 C Z C 3X'. 
Proof: We note first that 3X' is a characteristic subgroup of X and 
that an abelian group of automorphisms is induced in 3X' by X. 
If x is an element in X and A a subgroup of 3X', then we term A an 
x-satisfying subgroup of 3X', if there exists an integer e=e(x, A) with 
e2= I and ax=ae for every a in A. 
This implies that every subgroup of A is normalized by the element x. 
Consider an element x in X and an x-satisfying subgroup A of 3X'. 
If y is some element in X and a belongs to A, then we recall that X 
induces an abelian group of automorphisms in 3X' so that 
( aY)X = ( ax)Y = ( ae(x,A) )Y = ( aY)e(x,A). 
Naturally {AX} C 3X'. If b is an element in {AX}, then there exist finitely 
many elements a(i) in A and y(i) in X with 
b= II a(i)v<t> • 
• 
Application of what we had shown just now proves that 
bx= II [a(i)Y<t>]X= II [a(i)Y<t>]e(x,A>=be(x,A>, 
• 
since 3X' and its subgroup {AX} are abelian. Thus we have shown: 
(a) If A is an x-satisfying subgroup of 3X', then {AX} is an x-satisfying 
subgroup of 3X'. 
8 Series A 
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Consider an x-satisfying subgroup A of 3X' and denote by A* the 
uniquely determined subgroup of 3X' with A C A* and A *JA the torsion 
subgroup of 3X' fA. If b is an element in A*, then there exists a positive 
integer n such that bn belongs to A. We note that b and b:c belong both 
to the abelian characteristic subgroup 3X' of X. Hence 
[bXb-e(:c,A)]n = (b:t)nb-e(:c,A)n = (bn):cb-e(:c,A)n = 
= (bn)e(x,A)b-e(x,A)n =I. 
But 3X' is torsionfree so that bxb-e(x,A) =I and 
bx = be(x, A) for every b in A*. 
Hence A* too is an x-satisfying subgroup of 3X' proving that 
(b) to every x-satisfying subgroup A of 3X' there exists an x-satisfying 
subgroup A* of 3X' with A C A* and torsionfree 3X' J A*. 
Now consider a normal subgroup S of X with I C S C 3X' and an 
element x in X. There exists an element 8=/= I inS and the finitely generated 
subgroup {s, x} of X is by hypothesis supersoluble. Naturally S n {s, x} 
is a normal subgroup, not I, of the supersoluble group {s, x}. Consequently 
there exists a cyclic normal subgroup Z of {s, x} with 
I C Z C S n {s, x}C 3X'; 
see BAER [3; p. I7, Lemma 2]. Since 3X' is torsionfree, Z is an infinite 
cyclic group which is normalized by x. Since the group of automorphisms 
of Z is cyclic of order 2, it follows that Z is x-satisfying. Thus we have 
shown the following fact: 
(c) If Sis a normal subgroup of X with I C S C 3X' and xis an element 
in X, then S contains an x-satisfying subgroup, not I, of 3X'. 
Denote by E the set of all subgroups A with 
I C A= Ax C 3X' and torsionfree 3X' J A. 
Naturally 3X' belongs to E. Since 3X' is torsionfree of finite positive 
rank, so is every subgroup in E. Thus there exists among the subgroups 
in E one M of minimal rank. 
If X is an element in X, then we denote by Ex the set of all x-satisfying 
subgroups A of 3X' with 
I C A C M and torsionfree 3X' fA. 
A combination of (c) and (b) shows that Ex is not vacuous. Since the 
ranks of all the groups in Ex are bounded by the finite positive rank of 
the torsionfree group 3X', there exists among the groups in E:c one M:s 
of maximal rank. Clearly 
M:cXCMX=M; 
and it is a consequence of (a) that {M:cX} is x-satisfying. By (b) there 
exists an x-satisfying subgroup V with 
M:c C {M:cX} C V C 3X' and torsionfree 3X'jV. 
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Then M II V is an x-satisfying subgroup of 3X' with torsionfree 
?JX'J(M II V) and Mz ~ {MzX} ~ M II V. Hence M II V belongs to I'z; 
and we deduce from the maximality of the rank of Mz that Mz and 
M II V have the same finite rank. Since (M II V)/Mz is torsionfree, it 
follows that Mz=M II V; and this implies that Mz=MzX is a normal 
subgroup of X. Hence Mz belongs to E; and from Mz ~ M and the 
minimality of the rank of M we conclude that M and Mz are torsionfree 
abelian groups of the same finite rank. Since MJMz ~ 3X'JMz is torsion-
free, it follows that M =Mz. Thus we have shown that 
M is x-satisfying for every x in X. 
But then every subgroup of M is normalized by every x in X so that 
every subgroup of M is a normal subgroup of X. Since M '*-I, there 
exists consequently a cyclic normal subgroup Z of X with I C Z ~ M ~ 3X', 
completing the proof of (3). 
Now it is easy to complete the proof of our theorem. Consider an 
epimorphic image H '*I of G. If H' =I, then His abelian and every cyclic 
subgroup, not I, of His a normal subgroup of H. Hence we assume next 
that H' '*I. It is a consequence of (I) that the epimorphic image H' of 
G' is hypercentral and of finite abelian rank. Hence tJH' '*I and all the 
components of the abelian subgroup 3H' of H are of :finite rank. 
Case I : 3H' is torsionfree. 
An immediate application of (3) shows the existence of a cyclic normal 
subgroup Z of H with I C Z ~ 3H'. 
Case 2 : 3H' is not torsionfree. 
Then 3H' contains elements of order a. prime p. Denote by P the 
totality of elements x in 3H' with xP = I. Then P is a characteristic 
elementary abelian p-subgroup, not I, of 3H'. Since the rank of the 
p-component of 3H' is :finite, so is the rank of P. Hence P is finite. Apply 
( 2) to show the existence of a cyclic normal subgroup Z of H with I C Z ~ P. 
Thus we have shown in all cases that H possesses a cyclic normal 
subgroup, not I, proving the supersolubility of G., 
Corollary I: The group G is noetherian and supersoluble if, and only 
if, G is locally supersoluble and its abelian subgroups are finitely generated. 
Proof: If G is locally supersoluble and its abelian subgroups are 
finitely generated, then we deduce from F, Theorem that G is supersoluble. 
We may apply again a generalization of a theorem of Mal'cev- see BAER 
[4; p. I73, Hauptsatz 4]-to show that G is noetherian. 
Corollary 2: Every characteristi() supersoluble subgroup of a group 
of finite abelian subgroup rank is contained in a maximal characteristic 
supersoluble subgroup. 
Proof: If C is a characteristic supersoluble subgroup of the group 
G of :finite abelian subgroup rank, then C is contained in a maximal 
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characteristic locally supersoluble subgroup M of G [Maximum Principle 
of Set Theory]. But M is as a subgroup of G of finite abelian subgroup 
rank. Application of the preceding Theorem shows the supersolubility 
of M. 
Remark: In the same way one may prove that every supersoluble 
normal subgroup of a group of finite abelian subgroup rank is contained 
in a maximal supersoluble normal subgroup. But most comprehensive 
supersoluble normal subgroups need not exist. There exist examples of 
supersoluble normal subgroups of finite groups whose product is not 
supersoluble; see B.A.ER [8; p. 186, Example l]. See in this context section 
J below. 
Example: Denote by p some fixed prime. By Dirichlet's Prime 
Number Theorem there exists an infinite set .p of primes q with 
q = l modulo p. Denote by Z(q) a cyclic group of order q and denote by 
A= IT Z(q) 
(l8l:J 
the [ordinary or restricted] direct product of these groups Z(q). 
Since p is a divisor of q-1, there exists an automorphism q(q) of A 
which induces an automorphism of order pin Z(q) and the !-automorphism 
in all the other factors Z(x) with x=/=q. It is clear that every q(q) is an 
automorphism of order p, that CT(q') and CT(q") commute for q', q" in .p, 
and that consequently the group E of automorphisms of A, generated 
by the CT(q} for q in .p, is an elementary abelian p-group. There exist 
elements z(q) with Z(q) = {z(q) }. There exists a group G, obtained by 
adjoining elements s(q) for q in .p to A, subject to the following relations: 
s(q)P= l, 
s(q)-lxs(q) =xa<«> for x in A and q in .p, 
s(q') o s(q") = z(q')z(q")-1 for q', q" in .p. 
This follows, for instance, from Z.A.SSENH.A.US [p. 96/97]. 
Clearly G is an extension of A byE; and since E is an infinite elementary 
abelian p-group, the group G is not of finite abelian rank. Since every 
factor Z(q) of A is a cyclic characteristic subgroup of the normal sub-
group A of G, and since GfA is abelian, it follows that G is a supersoluble 
torsiongroup. Finally one verifies that every abelian p-subgroup of G is 
cyclic of order p and that every primary subgroup of A is likewise cyclic. 
Hence G is of finite abelian subgroup rank. 
This example shows the impossibility of proving an analogue to B, 
Lemma for supersoluble groups. 
(To be continued) 
